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Abstract
We show some properties concerning geometrical constants of Banach spaces which imply the exis-
tence of fixed points for multivalued nonexpansive mappings and we study the relationship between these
properties.
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1. Introduction and notation
In 1969 Nadler [17] extended the Banach Contraction Principle to multivalued contractive
mappings in complete metric spaces. From then on, many researchers have studied the possibil-
ity of extending classical fixed point theorems for singlevalued nonexpansive mappings to the
setting of multivalued nonexpansive mappings. For instance, the celebrated Kirk’s theorem [12]
which states the fixed point property (FPP) for (singlevalued) nonexpansive mappings in reflex-
ive Banach spaces with normal structure yields to a very natural question: Do reflexive Banach
spaces with normal structure have the FPP for multivalued nonexpansive mappings? Until now,
the answer is unknown.
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εβ(X) < 1 where εβ(X) denotes the characteristic of noncompact convexity with respect to the
separation measure (see [1, p. 125]), ρ′X(0) < 1/2 where ρX(·) denotes the modulus of smooth-
ness [1, Theorem VI.4.1], rX(1) > 0 where rX(·) denotes the Opial modulus [15, Theorem 3.2],
and so on. Therefore it is natural to consider the following problem: Do these properties imply
the FPP for multivalued mappings?
In particular, it is interesting to determine if nearly uniformly convex spaces and uniformly
smooth spaces satisfy the FPP for multivalued mappings (see [18, Open Problems]). The first
question was solved by Domínguez Benavides and Lorenzo [9] who proved that every compact
convex valued nonexpansive mapping T :C → KC(C) has a fixed point, where C is a nonempty
bounded closed convex subset of a Banach space X, under the weaker assumption εβ(X) < 1.
In this paper we prove that uniformly smooth Banach spaces satisfy the FPP for multivalued
mappings. Indeed we prove this fact under the weaker assumption ρ′X(0) < 1/2 (recall that X is
uniformly smooth if and only if ρ′X(0) = 0).
In Section 2 we use the modulus of squareness ξ in order to obtain a fixed point result for
multivalued nonexpansive mappings. We prove that the condition ξX(β) < 1/(1 − β) for some
β ∈ (0,1) (in particular, ρ′X(0) < 1/2), which implies uniform normal structure, also implies the
FPP for multivalued nonexpansive mappings.
Next we present three equivalent conditions involving the universal infinite-dimensional mod-
ulus (an infinite-dimensional refinement of the modulus of squareness defined in [7]), the char-
acteristic of nearly uniform convexity and the Opial modulus, which imply weak uniform normal
structure, and we prove that the same conditions also imply the FPP for multivalued nonexpan-
sive mappings. In particular, we prove that the characteristic of noncompact convexity εβ(X) can
be replaced in [9, Theorem 3.5] by the smaller characteristic Δ0(X) in order to obtain a fixed
point result for multivalued nonexpansive mappings.
Since an important number of geometric conditions have appeared in the literature to guar-
antee either normal structure or the FPP for multivalued mappings, it is interesting to study the
equivalence or nonequivalence between them. In Section 3 we study the relationship between
these geometric conditions themselves and the relationship between these conditions and weak
normal structure, weak uniform normal structure and uniform normal structure.
We are going to recall some concepts and results which will be used in the following sections.
For more details the reader may consult, for instance, [1,11] or [18].
Let C be a nonempty weakly compact convex subset of a Banach space X and {xn} a bounded
sequence in X, we use r(C, {xn}) and A(C, {xn}) to denote the asymptotic radius and the asymp-
totic center of {xn} in C, respectively, i.e.,
r
(
C, {xn}
)= inf{lim sup
n
‖xn − x‖: x ∈ C
}
,
A
(
C, {xn}
)= {x ∈ C: lim sup
n
‖xn − x‖ = r
(
C, {xn}
)}
.
It is known that A(C, {xn}) is a nonempty weakly compact convex set whenever C is. The se-
quence {xn} is called regular with respect to C if r(C, {xn}) = r(C, {xni }) for all subsequences
{xni } of {xn}, and {xn} is called asymptotically uniform with respect to C if A(C, {xn}) =
A(C, {xni }) for all subsequences {xni } of {xn}.
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(i) (Goebel [10], Lim [14]) There always exists a subsequence of {xn} which is regular with
respect to C.
(ii) (Kirk [13]) If C is separable, then {xn} contains a subsequence which is asymptotically
uniform with respect to C.
It is known that a Banach space X is nearly uniformly convex (NUC) if and only if
ΔX,φ() > 0 for each  > 0 (or equivalently εφ(X) = 0), where φ is a measure of noncom-
pactness (for definitions see, for instance, [1] or [11]). Also we are going to use the following
equivalent definition: X is NUC if and only if X is reflexive and ΔX() > 0 for each  > 0, i.e.,
Δ0(X) = 0, where
ΔX() = inf
{
1 − ‖x‖: {xn} ⊂ BX, xn ⇀ x, lim inf
n
‖xn − x‖ 
}
,
Δ0(X) = sup
{
 > 0: ΔX() = 0
}
.
When X is a reflexive Banach space, β is the separation measure and χ is the Hausdorff
measure, we have the following relationships among the different moduli:
ΔX,β()ΔX()ΔX,χ ()
and consequently
εβ(X)Δ0(X) εχ (X).
If the space X satisfies the nonstrict Opial property (that is, lim infn ‖xn‖ lim infn ‖xn + x‖ for
every weakly null sequence {xn} and every x ∈ X), then Δ0(X) coincides with εχ (X).
In [8, Theorem 3.4] Domínguez Benavides and Lorenzo proved the following connection
between the asymptotic center of a sequence and the modulus of noncompact convexity:
rC
(
A
(
C, {xn}
))

(
1 − ΔX,β(1−)
)
r
(
C, {xn}
)
,
where C is a closed convex subset of a reflexive Banach space X and {xn} is a bounded sequence
in C which is regular with respect to C. Using this inequality they proved in [9, Theorem 3.5] that
if X is a Banach space such that εβ(X) < 1, then X has the FPP for multivalued nonexpansive
mappings.
It is known that εβ(X) < 1 implies that X is reflexive and has weak uniform normal struc-
ture (see [1, p. 125]). We recall that a Banach space X is said to have normal structure (NS)
(respectively weak normal structure (w-NS)) if for every closed bounded (respectively weakly
compact) convex subset C of X with diam(C) > 0 there exists x ∈ C such that sup{‖x − y‖:
y ∈ C} < diamC. X is said to have uniform normal structure (UNS) (respectively weak uniform
normal structure (w-UNS)) if N(X) > 1 (respectively WCS(X) > 1), where N(X) is the normal
structure coefficient (respectively WCS(X) is the weakly convergent sequence coefficient). For
definitions see, for instance, [1] or [11]. It is known that if X has uniform normal structure, then
X is reflexive [16].
2. Some geometric conditions implying the fixed point property for multivalued
nonexpansive mappings
A Banach space X is said to have the multivalued fixed point property (MFPP) if every nonex-
pansive mapping T :C → KC(C) has a fixed point, where C is a bounded closed convex subset
of X and KC(C) denotes the family of all nonempty compact convex subsets of C.
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every nonexpansive mapping T :C → KC(C) has a fixed point, where C is a weakly compact
convex subset of X.
For reflexive Banach spaces the properties MFPP and w-MFPP are identical.
Dhompongsa et al. observed that the main tool used in the proofs in [8,9], in order to obtain
fixed point results for multivalued nonexpansive mappings, is a relationship between the Cheby-
shev radius of the asymptotic center of a bounded sequence and the asymptotic radius of the
sequence. This relationship gives an iterative method which reduces at each step the value of
the Chebyshev radius for a chain of asymptotic centers. Consequently, in [6] they defined the
Domínguez–Lorenzo condition ((DL)-condition, in short) which implies weak normal structure
and the w-MFPP.
Definition 1. [6] We say that a Banach space X satisfies the (DL)-condition if there exists
λ ∈ [0,1) such that for every weakly compact convex subset C of X and for every bounded
sequence {xn} in C which is regular with respect to C,
rC
(
A
(
C, {xn}
))
 λr
(
C, {xn}
)
.
Theorem 1. Let X be a Banach space satisfying the (DL)-condition. Then X has the w-MFPP.
We omit the proof because this result is a consequence of [5, Theorem 3.5].
From [8, Theorem 3.4] every Banach space with εβ(X) < 1 satisfies the (DL)-condition. In
this section we present some other properties concerning geometrical constants of Banach spaces
which also imply the (DL)-condition. First we show a condition involving the modulus of square-
ness which implies the (DL)-condition. We are going to use the following equivalent definition
of the modulus of squareness given by Benítez et al. [2].
Definition 2. [2, Lemma 1.2] Let X be a normed space. For any β ∈ [0,1), the modulus of
squareness is defined by
ξX(β) = sup
v,w∈SX
‖v − βw‖
1 − βN+(v,w) ,
where N+(v,w) denotes the one-sided directional derivative of the norm at v in the direction w
defined by
N+(v,w) = lim
λ↓0
‖v + λw‖ − ‖v‖
λ
.
The behavior of this two-dimensional modulus is strongly connected with the geometry of
the space. In particular, ξX(·) tells us whether or not X is uniformly smooth, uniformly convex,
uniformly nonsquare or an inner product space. Furthermore, in [2, Proposition 2.9] they proved
that if
ξX(β) <
1
1 − β for some β ∈ (0,1),
then X has uniform normal structure. We are going to show that this condition warranting UNS
also implies the (DL)-condition.
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be a bounded sequence in C which is regular with respect to C. Then, for every β ∈ (0,1) we
have
rC
(
A
(
C, {xn}
))
 (1 − β)ξX(β)r
(
C, {xn}
)
.
Proof. Denote r = r(C, {xn}) and A = A(C, {xn}). By passing to a subsequence if necessary, we
can assume that {xn} is weakly convergent to a point x ∈ C. Since {xn} is regular w.r.t. C, passing
to a subsequence does not have any effect to the asymptotic radius of the whole sequence {xn}.
Let z1 ∈ A fixed and let z ∈ A arbitrary. Then we have lim supn ‖xn − z‖ = lim supn ‖xn −
z1‖ = r . Since C is separable, taking a subsequence if necessary, we can assume that
limn ‖xn − u‖ exists for every u ∈ C.
Let U be a free ultrafilter on the set of natural numbers. In the ultrapower XU of X we consider
v˜ = 1
r
{xn − z}U ∈ SXU , w˜ =
1
r
{xn − z1}U ∈ SXU .
Then we have
‖v˜ − βw˜‖ = 1
r
lim
U
∥∥xn − z − β(xn − z1)∥∥
= 1
r
lim
U
∥∥∥∥xn − z − m − 1m β(xn − z1) −
1
m
β(xn − z1)
∥∥∥∥
 1
r
lim
U
∥∥∥∥
(
1 − m − 1
m
β
)
xn + m − 1
m
βz1 − z
∥∥∥∥− 1r
β
m
lim
U
‖xn − z1‖
 1
r
∥∥∥∥
(
1 − m − 1
m
β
)
x + m − 1
m
βz1 − z
∥∥∥∥− βm.
On the other hand, for every λ > 0, 11+λz + λ1+λz1 ∈ A and so we have
‖v˜ + λw˜‖ = 1
r
lim
U
∥∥xn − z + λ(xn − z1)∥∥
= 1
r
lim
U
(1 + λ)
∥∥∥∥xn −
(
1
1 + λz +
λ
1 + λz1
)∥∥∥∥= 1 + λ.
Thus we obtain N+(v˜, w˜) = 1.
Therefore we deduce
ξXU (β)
‖v˜ − βw˜‖
1 − βN+(v˜, w˜) 
1
r
‖(1 − m−1
m
β)x + m−1
m
βz1 − z‖ − βm
1 − β .
Since every finite-dimensional subspace of XU is almost isometric to a finite-dimensional sub-
space of X (see [11, Theorem 14.2]), we have ξX(β) = ξXU (β) for all β and thus∥∥∥∥
(
1 − m − 1
m
β
)
x + m − 1
m
βz1 − z
∥∥∥∥
(
(1 − β)ξX(β) + β
m
)
r
for every z ∈ A. So
sup
∥∥∥∥
(
1 − m − 1
m
β
)
x + m − 1
m
βz1 − z
∥∥∥∥
(
(1 − β)ξX(β) + β
m
)
r.z∈A
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m
β)x + m−1
m
βz1 ∈ C we deduce
rC(A)
(
(1 − β)ξX(β) + β
m
)
r.
The last inequality is true for every m 1, so we obtain the desired inequality. 
As a consequence of Lemma 2 and Theorem 1, we obtain a sufficient condition so that a
Banach space X has the MFPP.
Theorem 2. Let X be a Banach space such that
ξX(β) <
1
1 − β for some β ∈ (0,1).
Then X has the MFPP.
In [2, Theorem 2.4] Benítez et al. proved that
(1 − β)ξX(β) 2ρX(β) + 1 − β for all β ∈ (0,1),
where ρX(·) denotes the modulus of smoothness of X defined by
ρX(β) = sup
{
1
2
(‖x + βy‖ + ‖x − βy‖)− 1: x, y ∈ BX
}
.
We recall that X is uniformly smooth if and only if ρ′X(0) = 0. Using this inequality and
[2, Proposition 2.9], we can deduce that if ρ′X(0) < 1/2 (or equivalently ρX(β) < β/2 for
some β) then X has uniform normal structure. As a consequence of Theorem 2 and having
in mind this inequality, we obtain the following result.
Corollary 1. Let X be a Banach space such that ρ′X(0) < 1/2. Then X has the MFPP.
In particular, we deduce that uniformly smooth Banach spaces satisfy the MFPP. Conse-
quently we give an affirmative answer to Open Problem 1 in [18] about the existence of fixed
points for multivalued nonexpansive mappings defined on a nonempty bounded closed convex
subset of a uniformly smooth Banach space.
The modulus of squareness has an advantage with respect to other previously defined mod-
uli: it is simultaneously suitable for the uniform convexity and the uniform smoothness of the
space. This modulus, just as uniform convexity and uniform smoothness, has a finite-dimensional
character. However, since the previous properties have interesting generalizations with infinite-
dimensional character (nearly uniform convexity and nearly uniform smoothness, respectively),
it was defined in [7] a new infinite-dimensional modulus which characterizes such properties.
Definition 3. [7] Let X be a Banach space. For each β ∈ (0,1), the universal infinite-dimensional
modulus is defined by
ζX(β) = sup
{
lim inf
n→∞
‖xn − y‖
1 − ‖x‖
}
,
where the supremum is taken over all sequences {xn} ⊂ Bβ such that xn ⇀ x 
= 0, lim infn ‖xn −
x‖ β and y = x/‖x‖, where Bβ denotes the closed ball centered at 0 with radius β .
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structure. We omit the proof because this result will be a consequence of Propositions 2, 3 and
[15, Theorem 3.2].
Proposition 1. Let X be a Banach space. If
ζX(β) <
β
1 − β for some β ∈ (0,1)
(in particular, if lim infβ→1(1 − β)ζX(β) < 1), then X has w-UNS.
Remark. It must be noted that the condition ζX(β) < β/(1 − β) appearing in Proposition 1
cannot be relaxed as ζX(β) < 1/(1 − β) appearing in [2, Proposition 2.9] for ξX(β). Indeed, for
the space c0 we have ζX(β) = β/(1 − β) for β ∈ (1/2,1) (see [7, Theorem 9]) and c0 does not
have weak normal structure.
Next we are going to show that the previous condition implying w-UNS also implies the
w-MFPP. This fact will be deduce as a consequence of the equivalence between that condition
involving the universal modulus, a condition involving the characteristic of nearly uniform con-
vexity and a condition involving the Opial modulus which imply the (DL)-condition. We recall
that the Opial modulus associated to the space X is defined by
rX(c) = inf
{
lim inf
n→∞ ‖x + xn‖ − 1
}
, c 0,
where the infimum is taken over all x ∈ X with ‖x‖ c and all weakly null sequences {xn} in X
with lim infn→∞ ‖xn‖ 1.
Proposition 2. Let X be a Banach space. Then
rX(1) > 0 if and only if ΔX(1−) > 0.
Proof. Assume rX(1) > 0. We choose an arbitrary positive number  < 1. For any η > 0 there
exists a sequence {xn} ⊂ BX weakly convergent to a point x with lim infn ‖xn − x‖   and
1−‖x‖ < ΔX()+η. Consider the weakly null sequence yn = (xn−x)/ with lim infn ‖yn‖ 1
and y = x/. Then we have
1

 lim inf
n
‖xn‖

= lim inf
n
‖yn + y‖ 1 + rX
(‖x‖

)
 1 + rX
(
1 − η − ΔX()

)
.
Since η is arbitrary, using the continuity of rX we obtain
1

 1 + rX
(
1 − ΔX()

)
.
If 1 −ΔX(1−) = 1, letting  → 1− we would obtain 0 rX(1 −ΔX(1−)) = rX(1) which would
be a contradiction. Thus ΔX(1−) > 0.
Conversely, assume ΔX(1−) > 0. Let η > 0 be arbitrary. There exist a weakly null sequence
{xn} with lim infn→∞ ‖xn‖ 1 and x ∈ X with ‖x‖ 1 such that
lim inf‖x + xn‖ < 1 + rX(1) + η.
n→∞
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yn = xn + x1 + rX(1) + η .
Therefore yn ∈ BX for a large enough n and
yn ⇀
x
1 + rX(1) + η =: y
with
lim inf
n
‖yn − y‖ = lim inf
n
‖xn‖
1 + rX(1) + η 
1
1 + rX(1) + η .
Then we obtain
1
1 + rX(1) + η 
‖x‖
1 + rX(1) + η  1 − ΔX
(
1
1 + rX(1) + η
)
.
Since η > 0 is arbitrary we deduce
1
1 + rX(1)  1 − ΔX
((
1
1 + rX(1)
)−)
.
If rX(1) = 0 we would obtain 1  1 − ΔX(1−) which would be a contradiction. Thus we con-
clude that rX(1) > 0. 
Proposition 3. Let X be a Banach space. Then
Δ0(X) < 1 if and only if ζX(β) < β1 − β for some β ∈ (0,1).
Proof. Notice that, since ζX(β) 1, the inequality ζX(β) < β/(1 − β) only can be satisfied for
β > 1/2.
Assume ζX(β) β/(1 − β) for all β . Let η > 0 be arbitrary. There exists a sequence {xn} in
Bβ weakly convergent to x with lim infn ‖xn − x‖ β and y = x/‖x‖ such that
lim inf
n
‖xn − y‖
1 − ‖x‖ >
β
1 − β − η.
Consider the sequence {xn/β} ⊂ BX which is weakly convergent to x/β . We have the following
inequality:
β
1 − β − η < lim infn
‖xn − y‖
1 − ‖x‖  lim infn
‖xn − x‖
1 − β + 1
and so we deduce
lim inf
n
∥∥∥∥xnβ −
x
β
∥∥∥∥> 1β
(
β
1 − β − η − 1
)
(1 − β) > 2β − 1
β
− η,
which implies
ΔX
(
2β − 1
β
− η
)
 1 − ‖x‖
β
.
On the other hand, we have
β − η < lim inf
n
‖xn − y‖  β + 1
1 − β 1 − ‖x‖ 1 − ‖x‖
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ΔX
(
2β − 1
β
− η
)
 1 − ‖x‖
β
< 1 − 1
β
(
1 − β(1 − β)
2β − 1 − η(1 − β)
)
.
Since the last inequality is true for every η > 0 and every β < 1, we obtain ΔX(1−) 0 and so
Δ0(X) 1.
For the other implication, assume Δ0(X)  1. Then ΔX() = 0 for every  < 1. Let η > 0
be arbitrary. There exists a sequence {xn} ⊂ BX weakly convergent to a point x such that
lim infn ‖xn − x‖   and 1 − ‖x‖ < η. Passing through a subsequence if necessary we can
assume that limn ‖xn − x‖ = l   does exist. Consider the sequence x′n = β(l xn + l−l x) ∈ Bβ
which is weakly convergent to βx = x′ with limn ‖x′n − x′‖ β . Then we have
lim inf
n
∥∥x′n − y′∥∥= lim infn
∥∥∥∥ 1‖x‖

l
(xn − x) −
(
1
‖x‖ − β
)(

l
xn + l − 
l
x
)∥∥∥∥
 1‖x‖

l
lim
n
‖xn − x‖ −
(
1
‖x‖ − β
)
lim inf
n
∥∥∥∥l xn +
l − 
l
x
∥∥∥∥
 ‖x‖ −
1
‖x‖ + β > β −
1 − 
1 − η .
Thus we deduce
ζX(β) lim inf
n
‖x′n − y′‖
1 − ‖x′‖ 
β − 1−1−η
1 − β(1 − η) .
Since the last inequality is true for every η > 0 and every  < 1, we obtain ζX(β) β/(1 − β)
for every β . 
As a consequence of Propositions 2 and 3, we deduce that the following three conditions are
equivalent:
– ζX(β) < β/(1 − β) for some β ∈ (0,1),
– Δ0(X) < 1,
– rX(1) > 0.
Notice that these three equivalent conditions imply w-UNS. In particular, it is known that
rX(1) > 0 implies w-UNS because WCS(X) 1 + rX(1) for every Banach space X [15, Theo-
rem 3.2]. Thus, Proposition 1 can be easily deduced using the equivalence between the condition
involving modulus ζ and the one involving the Opial modulus.
Now we give an easy proof of the fact that the condition rX(1) > 0 implies the (DL)-
condition. As a consequence, the three equivalent conditions implying w-UNS also imply the
(DL)-condition.
Proposition 4. Let C be a nonempty weakly compact convex subset of a Banach space X and let
{xn} be a bounded sequence in C which is regular with respect to C. Then
rC
(
A
(
C, {xn}
))
 1
1 + rX(1) r
(
C, {xn}
)
.
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compact set, we can assume, by passing to a subsequence if necessary, that {xn} is weakly con-
vergent to a point x ∈ C and limn ‖xn − x‖ exists. Since {xn} is regular w.r.t. C, passing to a
subsequence does not have any effect to the asymptotic radius of the whole sequence {xn}.
Let z ∈ A. Consider the sequence yn = xn−x‖x−z‖ which is weakly null with limn ‖yn‖  1, and
y = x−z‖x−z‖ with ‖y‖ = 1. Then we have
1 + rX(1) lim inf
n
‖yn + y‖ r‖x − z‖
and we deduce the inequality in the statement. 
Corollary 2. Let X be a Banach space X such that one of the following three equivalent condi-
tions is satisfied:
(1) rX(1) > 0,
(2) Δ0(X) < 1,
(3) ζX(β) < β/(1 − β) for some β ∈ (0,1).
Then X has the w-MFPP.
In particular, as a consequence we deduce that the characteristic of noncompact convexity
with respect to the separation measure εβ(X) can be replaced in [9, Theorem 3.5] by the smaller
characteristic Δ0(X), giving an improvement of [9, Theorem 3.5].
3. The relationship between the different conditions
Dhompongsa et al. [5] have recently defined a new property called property (D), which is
weaker than the (DL)-condition and stronger than weak normal structure, and they proved that
property (D) also implies the w-MFPP.
Definition 4. [5] A Banach space X is said to satisfy property (D) if there exists λ ∈ [0,1) such
that for any nonempty weakly compact convex subset C of X, any bounded sequence {xn} in C
which is regular asymptotically uniform with respect to C, and any sequence {yn} ⊂ A(C, {xn})
which is regular asymptotically uniform with respect to C we have
r
(
C, {yn}
)
 λr
(
C, {xn}
)
.
At this point, we know that there are several geometric conditions implying the FPP for mul-
tivalued nonexpansive mappings: (DL)-condition, property (D), ξX(β) < 1/(1 − β) for some
β , ζX(β) < β/(1 − β) for some β , Δ0(X) < 1 and rX(1) > 0. Furthermore we know that all
these properties imply some type of normal structure (w-NS, w-UNS or UNS). A natural ques-
tion is to determine the exact relationship between these properties. Nominally, we are going to
study the relationship between the following properties: UNS, w-UNS, w-NS, (DL)-condition,
property (D), ξX(β) < 1/(1 − β) for some β , ζX(β) < β/(1 − β) for some β , Δ0(X) < 1 and
rX(1) > 0. In Section 2 we have proved that the last three conditions are equivalent, so we only
consider the condition rX(1) > 0 as a representative of all the three.
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(1) UNS implies w-UNS which implies w-NS.
(2) w-NS does not imply w-UNS.
(3) w-UNS does not imply UNS.
(4) ξX(β) < 1/(1 − β) for some β ∈ (0,1) implies UNS and the (DL)-condition for separable
subsets of X.
(5) rX(1) > 0 implies w-UNS and (DL)-condition.
(6) rX(1) > 0 does not imply UNS.
(7) (DL)-condition implies property (D) which implies w-NS and the w-MFPP.
(8) Property (D) does not imply (DL)-condition.
(9) (DL)-condition does not imply w-UNS.
(10) UNS does not imply property (D).
Proof. (1) From the inequality N(X) WCS(X) (see [3]) we have that UNS implies w-UNS.
For the other implication see [1, Theorem VI.3.3].
(2) See [1, Example VI.5]: The space X, which is the 2-direct sum of the sequence spaces
{n}n2, is reflexive and has normal structure because it is a UCED space, but
WCS(X) = inf{WCS(n): n 2}= inf{21/n: n 2}= 1.
(3) See [1, Example VI.6]: Let X be the 2-direct sum of the sequence spaces {rn} where
rn = (1 + n)/n. Then N(X) = 1, because
N(X)N(rn) = min
{
21/rn ,21−1/rn
}
for every n. However WCS(X) = √2.
(4) It is proved in [2, Proposition 2.9] and Lemma 2.
(5) See remark after Proposition 3 and Proposition 4.
(6) Let X be the sequence space 1. Then rX(1) > 0. However X does not have UNS.
(7) From the definition it is easy to deduce that property (D) is weaker than (DL)-condition.
Dhompongsa et al. proved in [5, Theorem 3.2] and [5, Theorem 3.5] that property (D) implies
w-NS and the w-MFPP.
(8) Let X = R⊕∞ 2. Then X satisfies property (D) because the asymptotic center of every
bounded sequence in any weakly compact convex subset is compact. In fact, let C be a weakly
compact convex subset of X and let {xn} = {(un, vn)} be a bounded sequence in C which is
regular w.r.t. C. Since C is weakly compact we can assume, by passing through a subsequence
if necessary, that {xn} is weakly convergent to a point (u, v) ∈ C. Thus un → u and vn ⇀ v
and we can also assume that limn ‖vn − v‖2 =: d exists. Since X satisfies the nonstrict Opial
property, it is easy to deduce that r(C, {xn}) = d and A(C, {xn}) = ([u − d,u + d] × {v}) ∩ C
which is compact. Then, for every sequence {yn} in A(C, {xn}) regular with respect to C we
have r(C, {yn}) = 0 and so X satisfies property (D). However X does not satisfy the (DL)-
condition. Indeed, consider the subset C = BX and the weakly null sequence xn = (0, en) in C.
Then r(C, {xn}) = 1, A(C, {xn}) = BR × {0} and rC(A(C, {xn})) = 1.
(9) Let X be the 2-direct sum of the sequence spaces {n}n2. Since X is UCED, the as-
ymptotic center of a bounded sequence in a weakly compact convex subset is a singleton, so X
satisfies the (DL)-condition. However WCS(X) = 1.
(10) Let X = R⊕∞ 2⊕∞ 2. Since min{N(R),N(2)} > 1, we deduce from [4] that
N(X) > 1. However X does not satisfy property (D). Indeed, consider the subset C = BX
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erty we have r(C, {xn}) = 1 and A(C, {xn}) = BR × {0} × B2 . If we consider the sequence
yn = (0,0, en) ∈ A(C, {xn}) with r(C, {yn}) = 1 we deduce that X does not satisfy prop-
erty (D). 
Using Proposition 5 we can construct the following two simple diagrams, the first one with
the main implications and the second one with the main relationships which do not hold:
UNS w-UNS w-NS
rX(1) > 0 (D) w-MFPP
ξX (DL)
UNS
/
w-UNS/ w-NS/
(DL)
−
rX(1) > 0
−
(D)
−
After Proposition 5 and having in mind the previous diagrams, we can determine the validity
or nonvalidity of all possible implications between UNS, w-UNS, w-NS, rX(1) > 0, ξX(β) <
1/(1 − β) for some β , (DL)-condition and property (D) (see Table 1), except for the following
implication: We do not know if ξX(β) < 1/(1 − β) for some β ∈ (0,1) implies rX(1) > 0.
In the table “Y” means that the condition on the top implies the condition on the left, “N”
means that the condition on the top does not imply the condition on the left, “?” means that we
do not know if the condition on the top implies the condition on the left and, finally, ξX means
that ξX(β) < 1/(1 − β) for some β .
In this paper we have obtained some results proving that certain properties which imply some
type of normal structure also imply the w-MFPP. These results give partial answers to the prob-
lem of extending Kirk’s theorem for multivalued mappings. However, we have shown that UNS
does not imply property (D) (and so UNS does not imply the (DL)-condition either). Thus, the
problem of extending Kirk’s theorem remains open and we do not know if UNS implies the
MFPP.
Table 1

UNS w-UNS w-NS ξX rX(1) > 0 (DL) (D)
UNS Y N N Y N N N
w-UNS Y Y N Y Y N N
w-NS Y Y Y Y Y Y Y
ξX N N N Y N N N
rX(1) > 0 N N N ? Y N N
(DL) N N N Y Y Y N
(D) N N N Y Y Y Y
w-MFPP ? ? ? Y Y Y Y
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